Abstract. A description is given of a distorted-wave method for the solution of the Lippmann-Schwinger equation for electron-atom scattering. The integral equation is solved using a complete set of states defined by the direct static potential of the atom under investigation rather than using the usual plane-wave representation. Results for the staticexchange scattering of electrons from helium and argon show significantly improved convergence over plane-wave expansion techniques and are of sufficient accuracy to indicate that the method can be generalised to efficiently solve the multichannel LippmannSchwinger equation.
Introduction
The eigenfunction expansion provides the theoretical foundation for most of the current methods used for the calculation of electron-atom (ion) collisions. While in principle this expansion includes a complete set of ( N S 1)-electron states, for practical applications the expansion is truncated to a finite number of ( N + 1)-electron states giving the coupled-channels (cc) equations. A large amount of effort has been expended in developing methods which may be used to solve these equations and at the present time a number of different methods are available (Callaway 1980) . A common feature of all these approaches is the large amount of computational effort required. One procedure (Sloan and Moore 1968, McCarthy and Stelbovics 1983a) involves writing the cc equations in the form of a multichannel momentum space Lippmann-Schwinger (LS) integral equation which can be transformed into a set of linear equations by using Gaussian quadratures to discretise the kernel. This approach has been used to obtain solutions of the cc equations for a variety of electron-hydrogen model calculations (McCarthy and Stelbovics 1983b, c, d ) and more recently electron-alkali scattering (McCarthy et a1 1985) in a one-electron model. One feature noticed for the heavier systems was that a more extensive quadrature mesh was needed (mainly for the large-momentum region) to get accurate T-matrix elements for the low partial waves. The reason for this is the much stronger Coulomb field experienced by the continuum electron as it penetrates the atomic interior. This problem is expected to become more severe for larger (i.e. higher 2 ) systems.
In order to circumvent this problem (and also reduce the amount of computational effort as a whole) we propose that the LS equations be solved using a two-potential 0022-3700/86/030335 + 07$02.50 @ 1986 The Institute of Physics formalism (Gell-Mann and Goldberger 1953) . Methods previously used to solve the full LS equations (in atomic physics at least) have generally used a plane-wave representation, which for convenience will be referred to as the plane-wave T-matrix method (PWTM) . In the two-potential formalism the LS equations for the residual interaction may be solved in terms of a distorted-wave representation. Such an approach has been used by Rescigno and Ore1 (1981a, b) to solve the static-exchange (SE) equations at low incident energies for a number of small atoms and molecules in a separable approximation. They found that the number of terms needed for an accurate separable expansion of the residual interaction (in their case, exchange) is much less than that required for the expansion of the complete, long-range molecular potential.
If the distorted-wave representation is defined in terms of the direct static potential of the atomic target the residual interactions (exchange and polarisation potentials) are short-range in momentum space, have small absolute magnitude and are finite everywhere. The first order approximation (the on-shell V-matrix element) in this representation is more commonly known as the distorted-wave Born approximation (DWBA). For almost no extra effort, it is possible to retain the imaginary part of the Green's function leading to a unitarised form of the DWBA (UDWBA). It is expected that the DWBA (and the UDWBA) will give reasonably accurate approximations to the full cc T-matrix elements at higher energies and for the higher partial waves where exchange and polarisation effects are diminished. We expect that these approximations will be more accurate than the corresponding approximations in the plane-wave representation, namely the first Born approximation and the unitarised Born approximation (UBA). Since the matrix elements of the residual interaction are expected to be smaller the off-shell points as a whole should have a smaller influence and we expect that a discretisation of the kernel with fewer points may be made, thus significantly reducing the extent of the computations. This reasoning is verified (for SE scattering) by the calculations presented in the results section. The method for the solution of the LS equations in the two-potential formalism will be referred to as the distorted wave T-matrix method (DWTM) .
In this paper the discussion has been restricted to the single-channel situation since we wish to introduce the method and demonstrate its feasibility with relatively simple calculations. The method is applied to the solution of the static-exchange equations for elastic electron scattering from neutral helium and argon with the distorting potential chosen to be the direct static potential.
Theory
The single-channel LS equation for electron-atom scattering may be written formally as where is the T-matrix element for the transition from lkj) to jki) and the operator V is the exact non-local potential of the continuum electron. lW(+)) is the exact solution of the ( N S 1)-electron Schrodinger equation with total energy E ( + ) while so is the energy of the N-electron target state. We define a set of distorted waves (for the potential U ) to be the solutions of the one-body Schrodinger equation
where K is the kinetic energy operator and U is chosen to be a local, central potential so that the solution of equation ( 2 ) is easy. It must be noted that for an attractive potential this equation has in general both a discrete (i.e. E < 0) and continuous spectrum of eigenvalues. For neutral systems, the direct static potential supports only a finite number of discrete solutions since the potential is short range. The LS equation now becomes
where a LS equation has to be solved for only the first term of the RHS since the T-matrix element for the potential U is determined when the single-particle Schrodinger equation is integrated to generate the distorted waves. The LS equation for the residual
where the summation sign is used to indicate that the discrete states also have to be included. Once this equation has been reduced to a one-dimensional integral equation by partial-wave analysis it may be solved by replacing the integral with a quadrature rule. The actual details of the numerical procedures used to construct the kernel matrix elements and solve the resulting linear equations are essentially identical to the procedures described by McCarthy and Stelbovics (1983a) to solve the LS equation for the full interaction.
When the residual interaction ( V -U ) is small compared to the distorting potential U, the Green's function can be set to For our single-channel model calculation the residual interaction is the exchange interaction which gets smaller at higher energies, so we expect the DWBA and UDWBA to become more accurate at higher energies.
calculations have been done for both systems. The columns labelled SD and SE in tables 1 and 3 give the static-direct and static-exchange phaseshifts respectively. The static-direct phaseshifts are obtained by numerical integration of the single-particle Schrodinger equation while the exact SE phaseshifts come from previous calculations (Duxler et al 1971 , Pindzola and Kelly 1974 , Bransden et a1 1976 where available. The wavefunctions used for these calculations are slightly different from the ones used herein so exact agreement between the different calculations is not necessarily expected. The column labelled UBA reports unitarised-Born approximation phaseshifts (where these bear some resemblance to the exact SE result) and that labelled PWTM gives PWTM phaseshifts obtained with a twelve-point quadrature mesh to represent the kernel between k = 0 and (approximately) k = 500 au, since cutting off the integral at a lower value leads to systematic errors for the lower partial waves. To isolate the importance of the discrete states of the distorting potential we have done calculations with (DWTMZ) and without (DWTMI) them. The static helium potential supports one s-wave bound state (at E = -0.0214 au) while the argon potential supports three s-wave bound states ( E = -106.95, -8.511 and -0.1784 au respectively) and one p-wave bound state ( E = -6.055 au). Only six off-shell continuum quadrature points spanning the kernel between k = 0 and (approximately) k = 80 au were used to solve the integral equations in both cases. The UDWBA phaseshifts have also been given. We have also done some calculations with more extensive quadrature sets to exhibit the convergence properties of the PWTM and the DWTM (with the bound-state quadrature points). Tables 2 and 4 compare the exact SE phaseshifts with DWTM calculations with 10 (Dwio) and 16 ( D W I~) quadrature points and PWTM calculations using 16 (~~1 6 ) and 24 (~~2 4 ) quadrature points. While the results have been tabulated to the fourth decimal place in all the tables, it must be noted that in some cases the last digit may be unreliable. One of the more noticeable aspects of the helium s-wave phaseshifts (table 1) is that the discrete state of the distorting potential has almost no effect except at the lowest energy. While the DwTMi phaseshifts are quite reliable at all energies the UDWBA phaseshifts are not accurate at low energies. The DWTMZ results are very close to the exact SE results and in most cases are superior to the PWTM results (with more extensive quadrature sets). At higher energies the effect of the bound state is negligible and the UDWBA results become more accurate. The DWTM results are uniformly good for the I = 1 and 1=2 partial waves. Although the D w M i and PWTM results are of similar quality for these partial waves it must be remembered that the PWTM kernel was discretised with twice as many quadrature points. One pleasing feature of the results is the increasing accuracy of the UDWBA phaseshifts at higher energies and for the higher partial waves. The small discrepancies between the DWTM results and the SE results at low energies are reduced by the use of more extensive quadrature meshes (table 2 ) .
The calculations on argon were done in the expectation that this would provide a much stiffer test of all aspects of the method. Examining the DwTMi and D W T M~ phaseshifts (table 3) for the 1 = 0 and 1 = 1 partial waves it seems that the bound-state quadrature points are again relatively unimportant. The agreement between the exact SE results and the DWTMZ results is good at all energies and is again more reliable than the PWTM results for the same number of quadrature points (table 4). As was noticed for helium the DWTMZ and UDWBA results become increasingly accurate at higher energies. Increasing the density of the quadrature mesh is seen to cause only small fluctuations in the DWTM phaseshifts and in all cases the DWTM appears to converge very satisfactorily.
Conclusions
The DWTM may be used to solve the Lippmann-Schwinger equation with a sparser momentum space quadrature mesh than the PWTM. Since the computational time used to generate the distorted waves is insignificant when compared with the time taken to construct the kernel the DWTM is clearly more efficient than the PWTM. Generally, fewer off -shell quadrature points are needed to represent the kernel, particularly for high incident energies where the UDWBA approximation becomes quite accurate. One aspect of the residual kernel that makes the computations more tractable is that it decays much quicker than the full kernel at high momentum so integrals over rapidly oscillating functions (in r-space) are not as great a problem. A possible refinement would be to include the on-shell equivalent local exchange potential in the distorting potential. The extension to scattering from charged targets is complicated by the infinite number of bound states that exist for the long-range Coulomb potential. This is being investigated now. The generalisation to the multichannel case is the same as for the PWTM and is currently being implemented.
